Introduction {#Sec1}
============

There are a number of approaches based on ensembles of classifiers -- or decision models, more generally -- in the areas of knowledge discovery and data classification \[[@CR1], [@CR4]\]. One can name several reasons to use ensembles. First, we can count on stability and robustness of the collective. Moreover, it is expected that each of classifiers -- a part of a bigger ensemble -- can be simpler than a single, not ensemble-based decision model that would yield a similar level of accuracy. On the other hand, if we look at all ensemble parts as a whole, they often lose something out of their interpretability. It may be hard to set up their cooperation. Finally, a lot of computing power is needed to derive them from the data.

Several optimization tendencies repeat in case of numerous methods for learning classifier ensembles. For instance, it is widely assumed that components of the ensemble should not misclassify too often the same training cases. Each single classifier is expected to make mistakes (in other words, each single part can be relatively weak with respect to its classification power) but for each training case, a (possibly weighted) majority of models in the ensemble should be correct. To address this aspect while building classifier ensembles, popular machine learning meta-algorithms such as boosting or bagging can be used.

One more aspect -- besides tending to simplicity (and to some extent weakness) and complementarity (avoiding repeatable mistakes) in the ensemble -- corresponds to diversification of attributes (features) that are used as inputs to learn particular models. For example, in case of rough-set-inspired approaches to knowledge discovery, it refers to computation of diverse decision reducts, i.e., irreducible (the smaller -- the better) subsets of attributes that are sufficient to determine decision labels. If we want to put this idea together with diversification of cases which are classified correctly/wrongly by particular models, we can rely on ensembles of so-called decision bireducts \[[@CR7], [@CR8]\], whereby irreducibility of a subset of attributes is combined with non-extendability of a subset of objects (cases), for which those attributes let us form valid classification rules.

Rough-set-based approaches are also a good reference while considering formal optimization problems behind construction of decision models. Indeed, starting from fundamental works on NP-hardness of the problem of finding minimal (in terms of the number of attributes) decision reduct, a lot of attention is paid in the rough set literature to develop mathematical and algorithmic methods for operating with the simplest yet sufficiently accurate (and thus the most powerful) classifiers \[[@CR2], [@CR3]\]. However, even in the realm of rough sets, there are no studies on formulation of optimization problems related to classifier ensembles. In other words, optimization goals and their complexity characteristics are investigated only at the level of single models, rather than the whole ensembles.

Accordingly, in this paper we propose how to define the optimization problem related to searching for the simplest possible ensembles of decision models that meet specific accuracy constraints. We realize that there are plenty of ways of stating such constraints, with respect to various aspects of an ensemble as a whole or its single components. Similarly, there may be many ways of understanding the simplicity of an ensemble. Nevertheless, we believe that the introduced formulation -- based on collections of decision bireducts that include the minimal amounts of attributes (the optimization goal) and in the same time, sufficiently cover all considered objects using the corresponding decision rules (the accuracy constraint) -- can be a good starting point for further investigations.
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Decision Bireducts {#Sec2}
==================
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Bireduct Ensembles {#Sec3}
==================

The notion of a decision bireduct allows us to operate with subsets of conditional attributes treated as classification descriptions, and with the associated subsets of objects for which those descriptions are valid. This gives us an elegant way to investigate complementarity of bireducts interpreted as classifiers in the ensemble. For instance, the following formulation expresses the idea of majority voting between ensemble components which -- if properly tuned on the training data -- gives us a chance of efficient performance over new cases too.
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                \begin{document}$$u\in U$$\end{document}$ point at the valid decision *d*(*u*). Figure [1](#Fig1){ref-type="fig"} illustrates a kind of hierarchy of correct bireduct ensembles for $\documentclass[12pt]{minimal}
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                \begin{document}$$m=3$$\end{document}$. Alternatively, one can work with a "flat" collection of decision bireducts that are supposed to vote correctly on each of objects, even if some single bireducts are wrong for some single cases.

Figure [1](#Fig1){ref-type="fig"} implicitly suggests a top-down way of constructing correct ensembles, whereby each of *m* bireducts is derived in the same time, with an option of further decompositions on even smaller pieces. Such algorithms have been already considered in \[[@CR5]\] for another type of (bi)reducts, i.e., so-called generalized decision reducts. On the other hand, one can proceed with the aforementioned ordering-based methods \[[@CR7]\], whereby -- somewhat reflecting the mechanisms of bagging and boosting -- each next ordering may take into account which objects were covered least frequently by decision bireducts derived up to now.

Ensemble Simplicity {#Sec4}
===================

The rough literature provides a great number of theoretical works on computational complexity of optimization problems focused on deriving the simplest possible decision models from the data \[[@CR2]\]. Let us refer to a recent comparative study reflecting both decision bireducts and so-called approximate reducts with this respect \[[@CR8]\]. By "the simplest" one can mean (bi)reducts involving the minimal amounts of attributes, generating minimal amounts of decision rules, having the minimal information entropy, etc. However, all those formulations refer to single (bi)reducts which correspond to single classifiers.

In other words, as it was emphasized in \[[@CR3]\], simplicity is a crucial aspect of decision models, in relation to paradigms such as Occam's Razor or the Minimum Description Length Principle. However, there is no clear guidance how to understand simplicity of ensembles. Thus, if we want to define optimization problems for ensembles, we need to know how to aggregate "complexities" of particular ensemble components (e.g.: the number of attributes in a single decision bireduct, the number of leaves in a single decision tree, etc.).
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                \begin{document}$$X_1,...,X_m$$\end{document}$ -- the constraints of Definition [2](#FPar2){ref-type="sec"}. The question remains what we should mean by "the smallest" in case of a collection of subsets. In \[[@CR6]\], for the analogous task related to the already-mentioned generalized decision reducts, it was proposed to look at it from the perspective of the maximum cardinality out of all involved subsets. For the purpose of bireducts it can be phrased as follows:

Definition 3 {#FPar3}
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The above procedure -- illustrated additionally by Fig. [2](#Fig2){ref-type="fig"} -- induces a linear order over ensembles of bireducts for a given $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {\mathcal {B}}=\{(X _1, B_1), ..., (X _m, B_m)\}$$\end{document}$, paying special attention to cardinalities of their largest components along a kind of cardinality-based lexicographic order. This is because the largest subsets of attributes correspond to the largest collections of the longest rules, i.e., they affect complexity of the model more significantly than other subsets.Fig. 2.Illustration of the procedure in Definition [3](#FPar3){ref-type="sec"}.

Main Result {#Sec5}
===========

Let us formalize the optimization goal that we drafted in the previous section:

Definition 4 {#FPar4}
------------

By the Simplest Correct Decision Bireduct Ensemble Problem (SCDBEP) we mean the task of finding -- for each input decision table $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {\mathcal {B}}$$\end{document}$ according to Definition [3](#FPar3){ref-type="sec"}.

Theorem 1 {#FPar5}
---------

SCDBEP is NP-hard.

Before we present the proof, let us refer to Fig. [3](#Fig3){ref-type="fig"}. The proof is based on polynomial reduction of the problem of finding the smallest dominating sets in undirected graphs to SCDBEP. It requires encoding of each input graph $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {A}_{\mathbb {G}}$$\end{document}$. This encoding is analogous to those that were utilized for other (bi)redect-related optimization problems \[[@CR2], [@CR8]\].Fig. 3.Illustration for the proof of Theorem [1](#FPar5){ref-type="sec"}.

Figure [3](#Fig3){ref-type="fig"} can also serve as one more illustration of creation of correct ensembles of decision bireducts. It displays how to interpret those bireducts as rule-based classifiers. In particular, as it could be already noticed earlier in Fig. [1](#Fig1){ref-type="fig"}, some bireducts can correspond to empty sets of attributes. We can interpret them as "dummy" classifiers which point always at the same decision class. They may help to tune the majority voting mechanism in the ensemble.

Proof {#FPar6}
-----

As already stated, we intend to show NP-hardness of SCDBEP by polynomial reduction of the minimum dominating set problem. Let us consider an undirected graph $\documentclass[12pt]{minimal}
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The consequence of the above is that the simplest correct ensemble of decision bireducts corresponds to the smallest dominating set in the graph $\documentclass[12pt]{minimal}
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Conclusions {#Sec6}
===========

We investigated ensembles of so-called decision bireducts, which can be interpreted as rule-based classifiers. We introduced the notion of a correct ensemble, which means that every object (training case) must be validly recognized using the corresponding rules by more than majority of classifiers. We discussed how to specify a kind of simplicity criterion for such ensembles and we formulated an example of optimization problem related to extracting possibly simplest correct ensembles of decision bireducts from the input data. The main mathematical result of our paper is the NP-hardness of the considered problem.

In future, given such a sound theoretical framework, more attention should be paid to further extensions of our previous algorithmic approaches \[[@CR7], [@CR8]\] to deriving and applying decision bireducts for the real-life data. Moreover, some alternative formulations of optimization problems should be discussed as well, possibly referring to ensembles of other types of classifiers.
